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Abstract. We prove existence and uniqueness of positive solutions of an age-
structured population equation of McKendrick type with spatial diffusion in L!.
The coefficients may depend on age and position. Moreover, the mortality rate is al-
lowed to be unbounded and the fertility rate is time dependent. In the time periodic
case, we estimate the essential spectral radius of the monodromy operator which
gives information on the asymptotic behaviour of solutions. Our work extends pre-
vious results in [19], [24], [30], and [31] to the non—autonomous situation. We use
the theory of evolution semigroups and extrapolation spaces.

1. Introduction. The investigation of an age-structured population of Mc-

Kendrick type with age and space dependent spatial diffusion leads to the mathe-

matical model

Opu(t, a,x) + Oul(t, a,x)
n

n

= Z Ok agi(a,x) Oy u(t,a,x) + Z bi(a, z) Oru(t, a, x)
k=1 k=1
Y e(a,2)ultsa,x) — pla,yult,a,e), t> 5,0 < a < ap z e

(P) Zak(aﬂs) Oru(t,a,z) + v(a,2)u(t,a,2) =0, t>35,0<a<an,, zely,
u(t,a,2) =0, t>s,0<a<an,x€ely,
t,O,a:)z/ B(t,a,x)u(t,a,x)da, t>s, x€Q,
0
s,a,z) = f(a,2) >0, 0<a<am, z€

Here u(t,a,x) is the population density at time ¢, age a, and position z, Q is a
bounded domain in R™ with smooth boundary 9Q = I'\Ul'y, and a,, € (0, 0] is the
maximal life expectancy. Let I = [0, a,,] for finite a,, and I = R for a,, = oco. The
coefficients ay;, bg, ¢, ay, v are assumed to be real, sufficiently smooth and uniformly
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elliptic. They describe the movement of the population and the behaviour at the
boundary. Further, the mortality rate p > 0 is allowed to be singular with respect
to z and a. Nonintegrability of u at a = a,, ensures that no individual reaches
maximal age, see e.g. [8, (8)], and a singularity of = — p(a, z) may represent a very
hostile part of the domain. Finally, the fertility rate § > 0 depends on the time
to reflect, e.g., seasonal changes and is supposed to be uniformly continuous. (See
Section 4 for a precise statement of our hypotheses.)

In the present paper, we show existence and uniqueness of positive (generalized)
solutions of (P) and discuss, for time periodic 3, spectral and asymptotic properties
of the solution operators. In the autonomous case, problem (P) has been solved in
L?(I x Q) by a semigroup approach, see [8], [10], or [15]. However, the natural state
space is E = L'(I x Q) because ||u(t)|; gives the size of the population at time
t. In the L!-setting, we can treat (P) by means of more elaborated perturbation
techniques. Similar methods were used in [19] and [24], see also [30] and [31], for
time independent fertility rates 5 and bounded mortality rates . More references
to related literature can be found in the above mentioned papers and in [35, p.24].
Further, G.F. Webb’s monograph [35] extensively treats nonlinear versions of (P)
without diffusion.

Let us sketch our approach. Consider the realization A(a) in X = L'() of
the diffusion operator A(a,z,D) = ", Ok ari(a,x) 0y + >, bi(a,x) O + c(a,x) Id
subject to the mixed boundary conditions given in the second and third equation of
(P), see Section 4. The operator Lf := —f'+A(-) f(-) defined on a suitable subspace
of E = LY(I,X) has a closure G in E, Proposition 4.5. It is very important for
our analysis that the restriction Gy of G to functions with f(0) = 0 generates the
evolution semigroup (To(t)f)(a) = xr(a —t)U(a,a —t)f(a —t) on L*(I, X), where
U(a,r) solves the Cauchy problem (4.2) related to A(-) and x s is the characteristic
function of a set M. This allows to use the perturbation theory of Miyadera type
developped in [23]. So we show that D(G) is contained in the domain of the multi-
plication operator V' induced by p on E and that the operator Gy on X x E defined
by (0, f) — (=f(0), (G = V)f) for f € D(G) is a Hille-Yosida operator, see (2.1).
Now the birth law in (P), given by the operators B(t)f = foa’" B(t,a,-)f(a,-)da,
can be expressed by a perturbation of Gy in X x E of the form (0, f) — (B(¢)f,0).
From results in [25] and [13], we then derive the existence of a positive evolution
family (W (¢, s))i>s>0 on E solving (P), see Theorem 4.4. If 3 does not depend on
t, we obtain W(t,s) = S(t — s) for a Co—semigroup S(-) whose generator can be
described precisely.

Our main interest, however, is directed to spectral and asymptotic properties
of the evolution family W (-,-) in the case of a fertility rate 8 which is p-periodic
in t. First, in Proposition 2.1, we extend a perturbation theorem for the essential
spectral radius due to J. Voigt, [32], to our situation. To apply this result, we need
the Dyson-Phillips expansion (2.4) of W (t,s) and certain regularity properties of
A(+). As a consequence, we can estimate in Theorem 4.8 the essential spectral
radius r.(W(p,0)) of the monodromy operator W(p,0). For instance, if a,, < oo,
then r.(W(p,0)) = 0 and the spectrum of W(p,0) consists of a sequence of finite
eigenvalues accumulating at 0. The implications of this result to the asymptotic
behavior of W (i, s) are described in Corollary 2.2 and Theorem 4.8. Finally, in the
autonomous case we recover results from [8], [19], [24], [30], and [31]. In particu-
lar, if § is strictly positive, then (after rescaling) the solution semigroup (S(t)):>0
converges exponentially to the projection on the unique positive stationary solu-
tion, see Remark 4.9. We point out that such results are the starting point for the
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investigation of the asymptotic behaviour of nonlinear versions of (P) by means
of the principle of linearized stability (see [22], [35], and the references therein for
population equations without diffusion).

Our paper is organized in decreasing order of generality. First, in Section 2, we
study the perturbation of a (resolvent positive) Hille-Yosida operator by a certain
class of time dependent unbounded perturbations and exhibit conditions which
allow to estimate the essential spectral radius of the perturbed evolution family. In
Section 3, we consider the Hille-Yosida operator Gy related to an evolution family
U(-,-) and a Miyadera perturbation V(-). Using Gy and extrapolation methods, we
solve a Cauchy problem with boundary perturbation, (3.6), which is an abstract
version of (P). The results of Section 2 and 3 are applied to (P) in the last section.

2. Perturbation of the essential spectral radius. We first recall some prop-
erties of Hille-Yosida operators and extrapolation spaces. For more details and
proofs we refer to [18], see also [3, Chap.V] and the references therein. A linear
operator (A, D(A)) on a Banach space X is called a Hille-Yosida operator if there
are constants M > 1 and w € R such that

(w,00) C p(A) and ||[(A—w)"RN,A)™"||<M forall A >wandneN. (2.1)

It is well-known that the part Ag of A in Xy := D(A) generates a Co—semigroup
(To(t))e>0 on Xo. Also, the resolvent R(A, Ag) is the restriction of R(\, A) to X,
for A € p(A) = p(Ap). We define on Xy the norm ||z||—1 := ||R(}, Ao)z| for a fixed
A € p(A) (different A € p(A) yield equivalent norms). The completion X_; of Xy
with respect to || - ||—1 is called extrapolation space. The extrapolated semigroup
(T_1(t))e>0 is the unique continuous extension of (Ty(t));>0 to X_1. It is strongly
continuous and its generator A_; € £(Xp, X_1) is the unique continuous extension
of Ag. Moreover, X is continuously embedded in X_; and R(\, A_;) is an extension
of R(\, A) for A € p(A_1) = p(A). Finally, Ay and A are the parts of A_; in X
and X, respectively.
It follows from [18, Prop. 3.3] that we have f: T_4(t—7)f(r)dr € Xy and

for all f € L}, (R4, X) and some constant M (where we may and shall assume

that this constant coincides with the one in (2.1)). This estimate is crucial for our
analysis.

/:T_l(tr)f(f) dr

t
<M / )| £(r)1x dr (2.2)
Xo s

A family (U(t,s))q,s)ep of bounded linear operators on a Banach space Y is
called evolution family if
(a) U(t,r)U(r,s) =U(t,s) and U(s,s) = Id for t,r,s € I witht > r > s and
(b) D> (t,s) — Ul(t,s) is strongly contiunous,
where D = {(t,s) € I? : t > s} for an interval I C R. The ezponential growth
bound w(U) of U(-,) is defined by

w(U) := inf{w € R : there is M,, > 1 with ||U(t,s)| < M,e***) for (t,s) € D}.

The evolution family is said to be exponentially bounded if w(U) < oo and positive
if Y is a Banach lattice and U(t, s) is a positive operator for (¢,s) € D. In the
remainder of this section we let I = R,.

We now consider a perturbation B(-) € C,(R4, L5(Xo, X)), the space of strongly
continuous, uniformly bounded operator—valued functions. Then, by [25, Thm. 2.3],
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there is a unique evolution family (U(¢, s))i>s>0 on X, satisfying

U(t,s)x =To(t — s)x + /t T 1(t—7)B(n)U(r,s)xdr, t>s>0,z¢€ Xy. (2.3)
Further, U(t, s) is given by the Dyson-Phillips expansion

Ult,s) = i Un(t,s), t>s>0, (2.4)
n=0

where the series converges in £(Xy) uniformly for 0 < s <t < b and

Uo(t,s) =To(t —s), Unyi(t,s)x = /t T 1(t — 7)B(1)Uy(1,8)xdr, =z € X.

Also, ||U(t,s)|| < MeWTMA=%) for ¢t > 5 >0 and ¢ := sup,~ | B(7) || £(x0,5)-

If B(t) = B(t+p) for some p > 0 and all t > 0, the expansion (2.4) implies that
Ult+p,s+p) =Ult,s) for t > s> 0, that is, (U(¢, s))t>s>0 is p-periodic. Finally,
it B(t) = B, then U(t,s) = S(t — s) for a Co—semigroup (S(t)):>0 generated by

C=A_+8B with D(C) = {.13 €Xp:A_1x+ Br € Xo}, (25)

see [19, Thm. 3.6]. We point out that a variety of closely related perturbation
results can be found in the literature and refer to the bibliography of [19], [25], [30],
and [31].

Next, we adopt Voigt’s perturbation result [32, Thm. 2.2] for the essential spec-
tral radius of a semigroup to our situation. To that purpose, we recall some defi-
nitions. Let R, (t,s) :== Y po, Uk(t,s) be the nth remainder of the expansion for
U(t,s). Notice that

t
Rpi1(t,s)x = / T_1(t—7)B(T)Rn(7,8)xdr, t>s>0,z¢€ X.

For a linear operator C' on a Banach space Y, a complex number A is called an
eigenvalue of finite algebraic multiplicity of C if A is an isolated point of o(C) and
a pole of R(-,C) such that the residue of R(-,C) has finite dimensional range, see
e.g. [12, §XV.2] or [17, A-III]. The essential spectral radius of C' € L(Y") is defined
by

re(C) :=sup{|A| : A € ¢(C) is not an eigenvalue of finite algebraic multiplicity}.

Due to [12, XI.5.3, XI1.8.4], r.(C) coincides with the spectral radius of the canonical
image of C in the algebra £(Y') modulo the ideal of compact operators. Further,
the set o(C) N {JA| > rc(C)} consists of at most countably many eigenvalues of
finite algebraic multiplicity which can only accumulate at the circle |A| = r.(C).

An operator C' € L(Y) is called strictly power compact if there is j € N such
that (C'S)7 is compact for all S € L(Y). Of course, a compact operator is strictly
power compact.

Proposition 2.1. Assume that A is a Hille-Yosida operator on X and B(-) €
Cy(Ry, L4(Xo, X)). Let Ry (tm, s) be strictly power compact for somen € N, s > 0,
and all t,;, > s with t,;, = c0 as m — oo. Then, for all € > 0, there is T, > 0 such
that

Pe(Ultm, s)) < e®etn=s) fort, —s>T, (2.6)

where we 1= w(Tp) + € if w(Ty) > —c0 and we — —o0 as € \ 0 if w(Tp) = —o0.



POPULATION EQUATION WITH DIFFUSION 5

Proof. Let ¢ = sup, ¢ | B(7)||z(x,,x) and w := We — 5. Using (2.2), it is straight-
forward to show |[Uy(t,s)|| < ME+tck(t — s)kew=(t=*) L for t > s > 0 and k € N,
see the proof of [25, Thm. 2.3]. Hence, there is 7. > 0 such that

n—1
Z Ur(t,s)|| < ewe(t—s) fort —s>1T..
k=0
Now [32, Cor. 1.4] implies 7¢(U (t,, s)) < e®<tm=5) for ¢, — s > T.. O

In the autonomous or periodic case the above result has important consequences
for the asymptotic behaviour of the evolution family (U (¢, s))>s>0. Recall that an
evolution family (V (¢, s))i>s>0 in £(Y') has an exponential splitting with exponents
a < B if there exists projections P(-) € Cp(Ry; L4(Y)) and a constant N > 1 such
that

(a) P(t)V(t,s) =V(t,s)P(s) fort > s > 0;

(b) the restriction Vg(t,s) : Q(s)X — Q(t)X is invertible for ¢ > s > 0, where
QUt) i= Id— P(t);

(c) [[V(t,s)P(s)|| < Ne*=%) and ||(V(t,s)Q(s)) " || < Ne B9 fort > s > 0.

Corollary 2.2. Let B(t) = B(t + p) for some p > 0 and all t > 0. Assume that
the hypotheses of Proposition 2.1 hold for s = 0, t,, = mp, m € N, and a natural
numbern. Then w. < w(Ty), where w, is given by r.(U(p,0)) = e“*P. Moreover, for
B> a > we such that |o(U(p,0))|N[e*P, e’P] = 0, the evolution family (U(t,s))i>s>0
has an exponential splitting with exponents o <  and projections P(s) satisfying
dimker P(s) = k < oo and P(s+p) = P(s) for s > 0. Finally, if B(t) = B for
t >0, then P(t) = P(0) and r.(S(t)) = e¥<! for t > 0, where S(t — s) = U(t, s).

Proof. By Proposition 2.1, for € > 0 there exists m. € N such that
re(U(p,0))™ = 1.(U(mp,0)) < e¥=™P  for m > m..

Hence, r.(U(p,0)) < TP Let 8 > a > w, such that |o(U(p,0))|N[e?, P] = (.
As in [14, Lemma 7.2.2], we see that o(U(p,0))\{0} = oc(U(s+p, s))\ {0} for s > 0.
In particular, the circle I' = {\ € C : |A\| = €™} is contained in p(U(s + p, s)) for
v € (o, 8) and s > 0. As in [14, Thm. 7.2.3], it can be shown that

1

P = —
(S)x 211 r

RN U(s+ p,s))xdA, s> 0, x € X, (2.7
defines projections P(s) on Xy yielding an exponential splitting for U(t,s) with
exponents a < (. Clearly, P(-) is p-periodic (and constant if B(-) is constant).
Finally, ker P(0) is the span of the eigenspaces corresponding to the spectral set
a(U(p,0))N{A:|A| > e"}. Since Ug(t,0) : ker P(0) — ker P(¢) is an isomorphism,
the dimension of ker P(t) is constant and finite. The last assertion is shown in [32,
Lemma 2.1]. O

In order to apply this corollary, we verify compactness of the remainder Rz (¢, s)
for t > s > 0 assuming the following hypotheses which hold in our application
in Section 4. Recall that an operator C on a Banach lattice Y is called resolvent
positive if (w,00) C p(C) and R(A\,C) > 0 for A > w. Clearly, if C generates a
Co—semigroup (S(t))¢>0 on Y, then S(-) is positive if and only if C is resolvent
positive. Also, Y has order continuous norm if every decreasing net in the positive
cone Y, with infimum 0 converges to 0 in norm. For instance, LP—spaces have order
continuous norm if 1 < p < oo, [26, p.92].
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(H1) A is a resolvent positive Hille-Yosida operator on a Banach lattice X with or-
der continuous norm. The perturbations satisfy 0 < B(-) € Cp(R, L( X0, X))
and the mapping t — B(to)To(t) € L£(Xo,X) is continuous for ¢ > 0 and all
to > 0.

(H2) For all € > 0, there is a positive, compact operator K. : Xo — X such that
0 < B(t)To(e) < K, for t > 0 and the mapping t — K.Ty(t) € L(Xo, X) is
continuous for ¢ > 0.

Remark 2.3. Let the first sentence in (H1) hold. Then, by [5, Prop. A], Xy =
D(A) is a sublattice (even an ideal) of X. Hence, Ay is resolvent positive and Ty(+)
18 positive.

Proposition 2.4. Let AV and A®) be Hille-Yosida operators with the same do-
main on a Banach lattice X with order continuous norm and let (Ték)(t))tzo,
k= 1,2, be the corresponding Co-semigroups on Xo. Assume that 0 < R(\, A) <
R(\, A®) for X\ > w. Then the following assertions hold.

(@) 0< 170 —7)f(r)dr < [TE(t —7)f(r)dr for 0 < f € L (R4, X)
and t > 0.

(b) Let 0 < B(-) € Cp(Ry, L(Xo, X)) and let (UF(t,5))i>s50, k = 1,2, be
the evolution families satisfying (2.3). Then 0 < UM(t,s) < UP(t,s) for
t>s>0.

Proof. (a) Set f(\) := R\, A®)z — R\, AM)x for 2 € X, and A > w. Then
(=1)"fM(X\) > 0 for n € N and A\ > w. Therefore, [4, Thm. 5.6] implies that
fN) = [T e Mdag(t) for a positive, increasing function o, : Ry — X with
a(0) = 0. Further, by [4, 5.7,6.1] there exist unique increasing, strongly continuous
families (S (¢))¢>0 of positive operators on X such that S*)(0) = 0 and

R\, ARz = / e MdSP (e = / e MSE) (1) di
0 0

for k=1,2, € X, and A > max{w,0}. Hence, a,(t) = S@ (t)x — SV (t)z > 0 by

the uniqueness of the Laplace-Stieltjes transform. On the other hand,

o] o] t
R\ A®)z = R\, A)a :/ e MM (1) dt :/ )\e_/\t/ T (s)x ds dt
0 0 0
for x € X and A > w. Due to [18, Prop. 3.3], the integral with respect to dt on the
right hand side converges in X. Thus, S®(t) = fot Tﬁkl)(s)x ds for x € X by the
uniqueness of the Laplace transform. Now, (a) follows easily.
(b) is an immediate consequence of the expansion (2.4), Remark 2.3, and (a). O

Throughout the remainder of this section, we assume (H1) and denote by
(U(t,s))i>s>0 the evolution family solving (2.3). Also, C is a positive constant
depending on b where 0 < t —s < b. We use the approximation Ry (¢, s) of Ra(t, s)
defined by the strong integral

Ry c(t,s) := /+_6 T_1(t—7)B(1) /T_E T_1(r —0)B(o)U(0o, s) do dr

fore > 0and ¢t > s > 0 with ¢ — s > 2¢. Observe that Ra(t,s) = Rao(t, s).
Lemma 2.5. Assume (H1). Then B(t)Ra.(t,s) — B(t)Ra(t,s) as e \, 0 in

L(Xo, X) uniformly for (t,s) in sets {(t,s) :b>t—0>s >0, § > 0}. Further,
the function t — B(t)Ra(t, s) € L(Xo, X) is continuous for t > s.
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Proof. First notice that
Ro(t,s)x — Rac(t, )

= /t_ T 1(t—7)B(7) /TT_l(T—U)B(O’)U(O’,S)l‘dddT
+ To(t—s—e) /S+E T_1(s+e—7)B(1) /T T_1(r —0)B(o)U(o, s)x dodr

+ Toe) /j T \(t—e—1)B(7) /7 T \(r — 0)B(0)U (0, 5)z dodr

= L +1+ 13
for x € Xy and t — s > 2e. Now the estimate (2.2) yields

t
ILx, <C /

t—e
s+te
S

t
dr < C||:EHXO/ (1t — s)dr,
t—e

/T T_1(t —o0)B(o)U(o, s)x do

Xo

dr
Xo

[12]lx, < C

/T T_1(t —0)B(o)U(o, s)x do

s+e
< Cllix, / (r— s)dr,

t—e
s, <C [
s+e

So the first claim is shown. By a similar argument follows lim\ ¢ B(t)Ra(t,s) =
0 in £(Xo,X). Thus it remains to prove that the mapping [s + d,00) > ¢t —
B(t)Ra.(t, s) € L(Xo,X) is continuous, where § > 2¢ > 0. For t > r > s+ 2 > s
and z € Xy, we have

B(t)Rae(t, s)x — B(r)Rac(r, )z

= (B(t) — B(r)) Rz (t, s)x

+ BIT(e) /

rT—€

dr < Cz||x, (t —s)e.
Xo

/T_ T_1(r —0)B(o)U(o, s)x do

t—e

T 1(t—e—71)B(1) /778 T_1(t —0)B(0)U (0o, s)x dodr

r—e T—¢

+ B(r) / (T-1(t=7)—=T_1(r— 7)) B(1) / T_1(r —0)B(o)U(o, s)x dodr
s+e s

= J1+ Js + Js.

Since Rz ((t, s) is uniformly bounded for b >t > s > 0 and B(-) is norm continuous,

we obtain ||J1]|x — 0 uniformly in « as (¢ —r) — 0. Further, by (2.2),

/ T (- e—1)B() /H T \(7 — 0)B(0)U (0, s)x dodr

—€

[2)x <C

Xo
t—e

dr
Xo

<C

To(e) /Tﬂ€ T_1(tr—e—0)B(o)U(o,s)xdo

rT—€&

<C@t—r)|zlx, and

/ = e~ D) BT ()

Wallx < IBE)To(t = +2) = To(e) oo ]
s+e

. /T_E T 1(r—e—0)B(o)U(o, s)x dodr

E Xo
< Cllzllx, 1Br)(To(t —r +¢€) = To(e)ll 2(x0,x)-
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Hence, the second assertion follows from (HI). O
Proposition 2.6. If (H1) and (H2) hold, then R3(t,s) is compact for allt > s > 0.
Proof. We first show that B(t)Rz.(t,s) is compact. Fix ¢ > 0 and ¢t — s > 2e.
Then,
t—s—2¢
B(t)Ra.(t,s)x = B(t)Tp(e) / T_1(1)B(t — 7 —&)To(e)
0

~/t o 28T_1(U)B(t—7'—0—25)U(t— T — 0 —2¢,8)xdodr
=: g(t)TO(E)Ll(s,t, $)(B(- 4+ ¢e)To(e)La(e, t, s)x) (2.8)
for x € X, and linear operators L(e,t, s) given by
Li(e,t,s) : L'([s,t],X) = Xo; [+ /t o T (n)f(t—7—2¢e)dr
La(e,t,s) : Xo— L'([s,t], Xo); 0

(La(e,t, 8)2)(r) = /0 0Bl — WU (r — 0, 8)3 do.

By means of (2.2) and Proposition 2.4 one sees that L;(e,t,s) and La(e,t,s) are
bounded and positive operators. Also, assumption (H2) implies

0 B(t)Ty(e) L1 (e, t,8)f < K.Li(et,s)f

0 B(r+¢e)To(e) (La(e, t,s)x)(r) < K (La(e,t,s)x)(r)
for 0 < f € LY([s,t],X),0 < 2 € Xo, and r € [s,]. Since K. is compact, the
operator K.L1(e,t,s) : L*([s,t],X) — X is compact. To show that K.Ls(e,t,s) :
Xo — LY([s,t], X) is compact, consider z,, € X with |lz,|| < 1. Set f, :=
Ls(e,t, s)xy. Then, by (2.2),

1)l = \ [ Tt =B do

INIA

(2.9)

<C(r—s). (2.10)
Xo

Since K. € L(Xp,X) is compact, we can choose for each rational r € [s,t] a
subsequence ®,.(n) so that K. fp (n) converges to some g(r) € X. By taking the
diagonal sequence ®(n), we obtaln

K. fom(r) = K. / T_1(r —o)B(o)U(0,8)xam)do — g(r) asn — oo (2.11)

for r € QN [s,t]. Further, for t > r > > s+ 6 > s, one computes

r—4 =8
K. / T_1(r—o)B(o)U(o, 8)x, do — K. / T_1(r' —o)B(o)U(0, s)x, do

Xo

r—0
< //—5 T 1(r—o0)B(o)U(o,s)x, do

-
K (Ty(r — v + ) — ())||/ T — 6 — 0)B(0)U (0, 8)un do

Xo
< C(IEN(r=1") + [ Ke(To(r — " +8) = To(9))]))-

Therefore, [s,t] 3 r — K. fy(r) is continuous uniformly in n by (H2) and (2.10).
Using this fact and (2.11), we find g(r) € X so that

K. fomy(r) = g(r) asn —oo forallre [s,t].
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So from (2.10) and the dominated convergence theorem follows that lim,, K. fon) =
g in L([s, ], X); that is, K.La(e,t,s) is compact. Now, due to (2.8), (2.9), and
the order continuity of X, we can apply the Dodds-Fremlin-Aliprantis-Burkinshaw
theorem, [36, Thm. 124.3], to derive compactness of B(¢)Ra (¢, s).

Hence, Lemma 2.5 implies that B(¢)Rz(t, s) is compact for ¢ > s > 0. Further,
we have

Rs(t, s)x = / T_1(t — 7)B(7)Ra(T, s)x dr

for x € Xo,t > s > 0. Let x,, € X with ||a,|| < 1. Set g,(7) := B(7)Ra(1, 8)xy,
for 7 € [s,t]. As above we can find a subsequence so that g, (r) converges in X
for rational r. Due to Lemma 2.5, the function [s,¢] © 7 — ¢, (7) is continuous
uniformly in n and, hence, gy, (7) converges for all 7. Consequently, the sequence
(gn,) converges in L'([s,t], X) by Lebesgue’s theorem. Finally, an application of
(2.2) shows that Rs(t, s)x,, converges in Xy. As a result, R3(t, s) is compact. [

Remark 2.7. The above proofs show that the conclusion of Proposition 2.6 holds
under weaker regularity assumptions in (H1) and (H2). For instance, it suffices
to suppose that B(-) is strongly continuous and that the mappings t — B(t), t —
B(e)T(t), and t — K.T(t) are continous from the right in L(Xo, X) for a.e. t >0
and each € > 0.

3. Mild solutions for a class of evolution equations with boundary per-
turbation. As a preparation for our investigation of an age—structured population
equation in the next section, we now study mild solutions of a certain class of evo-
lution equations, see (3.6) below. Notice that some of the notation we use in this
and the following section differs from the one adopted in Section 2.

Let (U(a,7))(a,ryep be an exponentially bounded evolution family on a Banach
space X, where I € {[0, a,,], Ry }. In particular, for w > w(U) thereis M = M,, > 1
such that |U(a,r)|| < Me“(@=") for (a,r) € D. Observe that w(U) = —oo if I is
compact. To simplify notation, we set U(a,r) := 0 for 0 < a < r. Further, we
assume that there are operators (V(a), D(V(a))), a € I, satisfying the Miyadera
condition:

(M) V(a)isclosed for a.e.a € I. Forz € X andr € I, we have U(a,r)x € D(V(a))
for a.e. a € IN[r,00), V(-)U(-,r)x is measurable, and

/ xr(a+r)|[V(a+r)Ula+rr)zlde <z
0

for constants o € (0, 00] and v € [0,1).
(See [23] for a somewhat weaker condition.) On the space E := L(I, X), we define
the multiplication operator V f := V(-) f() with domain D(V') := {f € E: f(a) €
D(V(a)) for a.e. a € I, V(-)f(-) € E}. We also need the evolution semigroup
(To(t))t>0 on E defined by

(To)f) (@) = x1(a=t)U(a,a = t)fla—t),  t=0,a€l, (3.1)
see [16, 23, 27] and the references therein. It is easy to show that the semigroup To(+)
is strongly continuous and w(Tp) = w(U). We denote its generator by (Go, D(Gy)).
Due to hypothesis (M) and [23, Thm. 3.4, Cor. 3.5], the operator

Gy :=Gy—V with D(Gy):= D(Gy) C D(V) (3.2)

generates an evolution semigroup (T (t));>0 on E with a corresponding exponen-
tially bounded evolution family (Uy (a,7))(,rep on X. Moreover, for z € X and
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r € I we have Uy (a,r)x € D(V(a)) for a.e. a € I N[r,00), V(-)Uy (-, r)x is locally
integrable, and

Uy(a,r)z = U(a,r)— /a U(a, )V (T)Uy (1, r)xdr (3.3)

Uy(a,r)z = U(a,r)—/ Uy (a, )V (T)U(r,r)xdr (3.4)

for all z € X and (a,r) € D. The evolution family Uy (+,-) is uniquely determined
by (3.4).

It is known that the domain D(Gy) (and hence D(Gy)) consists of continuous
functions vanishing at a = 0, [23, Prop. 2.1]. In order to consider functions with
f(0) # 0, we introduce an extension G of Gy. Let ey(a)r := e~**U(a,0)x and
el (a)r := e Uy (a,0)z for A € C, z € X, and a € I. We define for a fixed
w > max{w(U),w(Uy)} =: w; the operator

D(G) = {f = fo+ €w(').’17 : fo € D(G()),SC € X}, Gf :=Gofo+ wew(-)x, (35)

on E. Clearly, fo and = are uniquely determined by f € D(G). (See Proposition 4.5
for the motivation of this definition.)

Concerning the orbits ey(-)z and €} (), we need the following result, where
ex denotes the operator in L(X, E) given by & — e)(-)z for ReA > w(U) (and
analogously for eY).

Lemma 3.1. Assume that (U(a,7))(a,rep is an exponentially bounded evolution
family on a Banach space X and that the operators V(a), a € I, satisfy (M). Then
we have

(a) exX CD(V) and Vey € L(X,E) for ReXA > w(U) and z € X;

(b) exx € D(G) and Geyx = Aepz for Re X > w(U) and x € X;

(c) e =ex—R(\,Gyv)Vey for ReX > wy;

(d) ker(A\— (G—=V)) ={eYz:2 € X} for ReA >w; and x € X.
Proof. (a) We consider I = R since the proof carries over to finite I. For Re A >
w > w(U), condition (M) implies

| " IV(@ex(a)e]| da
0

o «@
= Z ¢~ ReAna / e V(4 + na)U(a + na, na)U(na, 0)z| da
n=0 0

< ymax{1, e A} 37 =R (na, )|

n=0
< Mymax{1,e” Bro}(1 - e(w_RM)O‘)_l 1zl
(b) Let f =ex(-)z — eu(-)z and p(a) = e~ ** — e~#2 for ReA, Rep > w(U). Then
To(t)f(a) = f(a) = (x1(a —t) p(a — t) — ¢(a)) U(a, 0)z
for a € I and ¢t > 0. This implies f € D(Go) and Go(exr(-)z — e, (-)x) = ex(-)z —

pey(-)x. Considering ey = ey — e, + €, yields (b).
(c) follows from (3.4) and

R\ Gy)f(a) = /000 xr(a —t)e MUy (a,a —t) f(a —t)dt

= /a e MUY (a,t) f(t) dt.

0
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(d) Assertion (b) and (c) and (3.2) imply that e}z € ker(A — (G —V)) for x € X
and Re A > wy. Conversely, if f € ker(A — (G — V) then, by part (b) and (c),

f=eXf(0) = (f —ewf(0) + (ewf(0) — exf(0)) + (exf(0) — eX £(0)) € D(Go).
Thus, 0 = (A — Gv)(f — el f(0)). This yields f = e} f(0) since X € p(Gy). O

Remark 3.2. By Lemma 3.1(c) we have (G—V)f = Gy fi+we) f(0) for f € D(G)
and f1 = fo+R(w,Gv)Ve,f(0) € D(Gy) = D(Gy). Observe that G-V considered
as an operator from D(Gy ) x e, X C Exe, X to E is closed if E X e,X is endowed
with the norm || f1]| + ||z||.

Let B(-) € Cp(Ry; Ls(E,X)). On E = LY(I, X) we now investigate the Cauchy
problem with boundary perturbation
u'(t) = (G = V)u(d),
u(s) =f €E, (3.6)
u(t,0) = B(t)u(t) € X, t>s>0.
A classical solution of (3.6) is a function u € C!([s,00), E) such that u(t) € D(G)

and (3.6) holds for all ¢t > s. We are also looking for mild solutions of (3.6), that
is, functions u € C([s, 00), F) satisfying

f; u(r)dr € D(G),
u(t) — f=(G=V) [lu(r)dr, (3.7)
(Jiu(r)dr)(0) = [I B(r)u(r)dr,  t>s52>0,
see [13] and the references therein. It is straightforward to verify that a classical
solution is also a mild solution.

To find mild solutions, we proceed as in [19] and [24]. On the product space
€ := X X E endowed with the maximum norm we define the matrix operators

s0=(590) s gty )

where D(Gy) := {0} x D(G). Notice that D(Gy) = {0} x E =: &. To show that
Gy is a Hille-Yosida operator, we need the bounded operators on £ given by

0 0
R(\) = ( eV R(\Gy) > for Re A > max{w(U),w(Uy)} = wy.
Lemma 3.3. Assume that (U(a,7))(a,rep is an exponentially bounded evolution
family on a Banach space X and that the operators V(a), a € I, satisfy (M). Then
Gy s a Hille-Yosida operator and R(X\,Gy) = R(\) for ReX > w;.

Proof. From D(Gy) = D(Gp) and Lemma 3.1(d) we easily derive R(A\)E C D(Gy)
and (A — Gy )R(X\) = Id; that is, A — Gy is surjective for Re A > wy. On the other
hand, Lemma 3.1(c) implies

Rw)(w — Qv)@) - ( (e)u‘f OR(w,GV) ) ((w - Gv)ﬁsol Vewf(0)> - (?)

for f = fo+ e, f(0) € D(G). Thus, R(w) = R(w,Gy) and Gy is closed. Moreover,
RN =6v)(f) = (7)) for fo € D(Go). It (A= Gy)(§) = 0 for some f € D(G),
then f(0) = 0. Therefore, A — Gy is injective for Re A > w;. Consequently, R(\) =
R(\,Gy) for Re A > wy. Finally, we have

R(A) = ( R()\7Gv)n—1e§\/ R()\7Gv)n >
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and RO\ Gy e (el < r=trlel (allp < 2ol for A > w > wn.
So Gy is a Hille-Yosida operator on £. O

As a consequence, the part Gy in & generates a Co—semigroup Tv,o(-) in &. In
particular, we obtain

D(Gvo) ={(}) €& : f € D(G), f(0) =0} ={(}) €& : f € D(Go)} and

0 0
Gv,o (f) = (Gvf)'
Thus, on E we can identify Gy, and Tv,o(-) with Gy and Ty (-), respectively. More-
over, there exists the extrapolated semigroup 7y,—1(-) on £_1 <= £ with generator

Gy,—1.
We now come to the main result of this section, cf. [19], [24], [30] and [31] for
the autonomous case.

Theorem 3.4. Assume that (U(a,7))a,rep is an exponentially bounded, evolution
family on a Banach space X and that the operators V(a), a € I, satisfy (M). Let
the operator G on E = L*(I,X) be given by (3.5) and the multiplication operator
V on E be induced by V(-). Finally, suppose B(-) € Cp(Ry; Ls(E, X)). Then there
is a unique mild solution u of (3.6) given by u(t) = W(t,s)f for an exponentially
bounded evolution family (W (t,s))i>s>0. If B(-) € C*(Ry; Ls(E, X)) and f(0) =
B(s)f, then u is a classical solution. In the autonomous case, i.e., B(t) = B, we
have W (t,s) = S(t — s) for a Co—semigroup (S(t))t>0 generated by

D(Gvp) ={f € D(G): f(0) = Bf} and Gypf=(G-V)f. (38

Proof. First observe that B(:) € Cp(R4, Ls(0,E)). Due to Lemma 3.3 and [24
Thm. 2.3], there exists an exponentially bounded evolution family (W(t, s))i>s>0
on & satisfying

()T () [ 51

for f € E. After identifying OV(t, s))i>s>0 with an evolution family (W (¢, s))i>s>0
on F, we derive

<W28 > (Tvt—s ) /TV 1’57< (T)%(T’s)f>dr. (3.9)
(t,s)f

We evaluate the integral in (3.9) and obtain

/: Tyt —7) (B(T)“g(“ S)f) ar

- /: Tv—1(t = 7)(A = Gv)R(A, Gv) (BW)VE(T» s)f) "

= (A=Gv_1) /St Tv,—1(t =) (BYB(T)I?V(T, s)f) ar

= (A—Gv_1) <f§ Ty (t - T)eyg; YW (T s)f dT> = (A =Gv) (2)

(T
for A > wy. On the other hand, from (3.9) follows that (A — Gy, _ 1)(2) € &. Since
Gy, is the part of Gy,_1 in &, we have (0) € D(Gyy), that is, g € D(Gyp). Then
(3.9) yields

W(t,s)f =Tyt —s)f +(\— GV)/ Ty (t — 1)el B(r)W(r,s)fdr  (3.10)
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for f € E and t > s > 0. Now [13, Thm. 3.2] shows that the continuous function
u(-) = W(-, s)f satisfies (3.10) if and only if it is a mild solution of (3.6). (Here
one has to use the description of ker(A — (G — V')) given in Lemma 3.1(d).)

To show uniqueness, let v,w € C([s,00), X) satisfy (3.7). Reversing the above
arguments, we see that (3.9) holds with W (-, s) f replaced by v(-) and w(-), respec-
tively. Then (2.2) and Gronwall’s inequality imply v = w.

Now let B(-) € CY(R4,Ls(E, X)) and f(0) = B(s)f. On & we define the
operators A(t) := Gy + B(t) with domain D(Gy ). Notice that A(s)(?) € &. Due
to [29, Thm. 1.10] (which is a version of Kato’s well-posedness result in the case of
non-dense domains), there exists a function v € C*([s, >), X) so that v(t) € D(GQ),
v(s) = f, and (U/(()t)) = A(t) (U?t)) for t > s. As a result, v is a classical, and hence
a mild, solution of (3.6). By uniqueness, v(t) = W(t,s)f.

If B(t) = B, then W(t,s) = S(t — s) for a Co—semigroup S(-) on & which is

generated by the part Gyp of Gy, _1 + B in &, see (2.5). For (?) € D(Gyp), we

have gv,,l(?) + (Bof) € &, and hence Gy, _; (?) € &. Since Gy is the part of Gy, _;

in &£, we derive f € D(G) and Gy p (?) = (*(Jgg)‘fﬁf) € &. After identifying Gy p

with Gy g on E, this establishes (3.8). O

4. A population equation. We now apply the previous results to the equations
(P) introduced in Section 1. On the domain © and the coefficients we impose the
following conditions.

(O) © C R" is a bounded domain with compact C*-boundary 952, I'; are open
and closed in 0 such that 00 =ToUT; and Ty N T = 0.

(A) ag, = aig, by, c € CHI,C%*(Q,R)) and 22,1:1 agi(a, ) negm > 8o In|? for n €
R" a €I,z €, and a constant dp > 0.

(B) ag,v € C¢{(I,C*(T'1,R)) and >, _; ax(a, z)ng(z) > 61 for a constant §; > 0
and (a,z) € I x I'1, where n(x) is the exterior normal unit vector at « € I';.

(V) 0<pelLf,, I,LP(Q)) forp> 5 and ¢ > (1 — %)_1.

(V) I, =10,b,] T I and x;, 1 > 0 satisfies (V) for n € N.

(b) 0 < B € BUC(R4 x I,L>(Q)).

Here either I = [0, a,,] for some a,, > 0 or I = R, where we set a,, := co. Further

L} . .(I) is the space of uniformly locally g-integrable functions on I endowed with
the norm ||50||L;’7067u = SUDg st1er ||X[S-,S+1]SD||Q' Of course, Lq(‘[) = L?oc,u(‘[) if 1
is compact. We let 9, = a%’ 0y = %, and Oy = Fap- On X = LY(Q), we set

V(a)p = p(a,-)o(-) with D(V(a)) = {¢ € X : p(a,-)e(-) € X}. The operators
V(a) induce on E := L'(I x Q) = L'(I, X) the multiplication operator V = V()
with maximal domain. Further, B(t)f := [;"" B(t,a,-)f(a,-)da, t > 0, defines a
bounded operator from F to X. Clearly, 0 < B(-) € Cp(Ry, L(E, X)). To treat
the diffusion part of the equations (P), we define

Aa,z,D) =Y Opan(a,) 0+ Y be(a,x) 0 +c(a,2)Id, z€Q acl,
k=1 k=1

Bi(a,z,D) := Zak(a,x)ak +v(a,z)Id, xze€Tly,a€el,
k=1
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in the sense of distributions and of trace, respectively. Then the realization A(a)
of A(a,x,D), a € I, on L*(Q) with mixed boundary conditions is given by

D(A(a)) :={p e L*(Q) : o € W'"(Q) for 1 <7 < 2o; A(a,z,D)p € L*(Q);

n—1’
(A(a,z, D)p,v) = (¢, A'(a,z, D)) for ¢ € D(As(a)), 0 < §(1 — ) < oo},
Aa)p := A(a,z, D)y,
see [28, §5.4]. Here A’(a,x,D) is the formal adjoint of A(a,z, D), [28, (5.2)], [2,

84], and Ag(a) is the realization of A(a,z,D), a € I, on L*(Q), 1 < s < oo, with
domain

D(As(a)) ={p € W**(Q): p=0o0n Ty, By(a,z,D)p =0o0nT}.

By [28, §5.4], there is a constant d > 0 so that A4(a) := A(a) — d is invertible
and generates a bounded analytic semigroup on L!(£2), see also [2]. An inspection
of the proof shows that, due to (O), (A), and (B), the constant d and the type
(K, ¢) of Aj(a) do not depend on @ € I. Further, in [28, §6.13] the estimate

lAa(a)R(A, Aa(a)) (Ad(a) ™" = Aq(b) 71|l < Lla — b |N7* (4.1)

is verified for A € {A € C : |argA| < ¢}, a,b € I, and constants L > 0 and
p € (0,1). (To be precise, in [28, §6.13] only finite intervals I are considered. But
the proofs given there imply that the constants in (4.1) do not depend on I C R
if we assume (O), (A), and (B).) Thus, a result of P. Acquistapace and B. Terreni,
see [1, Thm. 2.3], shows that there is an evolution family (U(a,7))(a,mep on L' (Q)
such that for € D(A(r)) the function U(-,r)x € C1(I N [r,o0), X) is the unique
solution of the Cauchy problem

w'(a) = Al(a)w(a), a>r, w(r) = x. (4.2)
Notice that Ug(a +t,a) := e~ %*U(a+t,a) solves (4.2) with A(-) replaced by Ag4().

Moreover, U(a,a —t) maps X into the domain of the fractional power (—A4(a))?
and

I(~4a(a))’Ua(a,a = 1) < Me't™?, (4.3)
I(Ua(a,a —t) = Id)(=Aa(a =) ~°| < Mt%e™, (4.4)
%i_r}r(l)%(Ud(a,aft) —Id)Agla—t)"rp = ¢ (4.5)

for (a,a—t) € D, t >0, p € X, 0 <6 <1, and constants M,w € R; see [1,
Thm. 2.3], [11, Thm. 2.3], [28, Thm. 6.5,6.6], [3], and the references therein. Next,
we show that Ul(a,r) is positive using an argument from [3, 11.6.4.2,1V.2.4.3].

Lemma 4.1. Assume (O), (A), and (B). Then U(a,r) > 0 for (a,r) € D.

Proof. We have R(A, A(a)) > 0 for @ € I and A > d by [2, Thm. 10.3]. Hence, for
n > ng the Yosida approximation A,(a) = nA(a)R(n,A(a)) is resolvent positive,
cf. [28, Lemma 6.14]. Also, A, (-) is bounded and uniformly Hélder continuous for
fixed n. So, by [3, Thm. I1.6.4.2] the evolution family (U,(a,7))(a,rep solving the
Cauchy problem corresponding to A, (-) is positive. Since U, (a,r) converges to
U(a,r) (in £(X)), see e.g. [28, Lemma 6.21], the lemma is proved. O

Remark 4.2. For the biological interpretation it is essential that the diffusion
process does not create individuals, that is, U(a,r) is contractive on L'(Q). This
is true if |etAD| < 1 for a € I and t > 0 (which holds if, e.g., ap(a,z) =
S am(a,z)ny(x) and by = ¢ = v = 0, [2, Thm. 10.3]). In fact, then the
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Yosida approximations A,(a) generate contraction semigroups. Thus, the corre-
sponding evolution families Uy (-, ) are contractive, see e.g. [27, Cor. 4.5], and hence
[U(a, )| <1.

Let G(0) := Id and G(t)p := xq (K; * ), t > 0, for p € L1(Q), where K;(z) =
|2
(4mt)—m/? exp(—%) for x € R™ and ¢ is extended by 0 to R™. In [20] it is stated
that U(a,r) satisfies a Gaussian estimate, that is, for 0 < ¢ < T and (a +¢t,a) € D
there are constants N, ¢ > 0 (possibly depending on T') such that

0<U(a+ta)=|U(a+ta) < NG(ct). (4.6)

The proof in [20] is sketched very briefly. However, it can easily be provided by
combining the estimate (3.34) in [21] with (2.6)—(2.8) in [21] and Theorem 5.7 in
[28]. We use (4.6) to verify the Miyadera conditions for the multiplication operators
V().

Lemma 4.3. Assume (0), (A), (B), and (V). Then the operators U(a,r) and V(a)
defined above satisfy (M). Using the notations of Section 3, we have

0<Uyl(a,r) <U(a,r), 0<Ty(t)<Ty(t), 0<R\Gy)<R(AGy (47)
for (a,r) € D, t >0, and A > w(U) > w(Uy).

Proof. The measurability condition in (M) can be checked by approximating the
function p pointwise a.e. by bounded functions, cf. [23, §5]. Using (4.6), Holder’s
and Young’s inequality, and || K| (gny = C't~2 for a constant C and %—&— 1% =1,
we compute

V(e+t)U(a+ta)eli < Nlula+t,)lp [Get) ol
S NCt™2 [u(a+t,)p el (4.8)
for (a +t,a) € D and ¢ € L*(Q2). Now, (M) follows from

(I,LP(R)) llell1 (4.9)

loc,u

t
/ IV(a+7)U(a+7,a)plls dr < Cr t* |l
0

for a constant Cy and k =1 — ¢ — 3 > 0. By [33, Rem. 2.1] and Lemma 4.1, we

see that 0 < Ty (t) < Tp(t). This implies the remaining assertions. O

In the sequel, we use the concepts from Section 3 to solve (P). In particular, a
continuous function w : [s,00) — FE is called generalized solution of (P) if it satisfies
(3.7). In the definition of G, see (3.5), we choose w greater than the constant w used
in (4.3) and (4.4). As an immediate consequence of Lemma 4.3, Theorem 3.4 and
Proposition 2.4, we obtain the following existence theorem. It generalizes results in
the autonomous case from [19], [24], [30], [31] (where in [30] and [31] more general
3 are considered). See also [8], [10], and [15] for the L?-setting.

Theorem 4.4. Assume (0), (A), (B), (V), and (b). Then there is a unique gen-
eralized solution of (P) for f € E and s > 0. It is given by u = W(-,8)f for a
positive evolution family (W (t,s))i>s>0 on E. Moreover, if 3 € C'(Ry, L>(I xQ))
and f(0) = B(s)f, then u is a classical solution of (3.6). If B does not depend on
t, then W (t,s) = S(t—s) for the Co—semigroup S(-) generated by the operator Gy p
defined in (3.8).

Observe that in the above theorem the regularity assumption on 8 could be
weakened since we only need strong continuity of B(-) to obtain mild solutions.
Of course, it is crucial to determine G in order to understand our notion of a
generalized solution of (P). This could be achieved for the state space LP(I x )
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with 1 < p < oo, cf. [23, §4]. To give a partial answer in the case p = 1, we
introduce the spaces

F = {fecE:fecWhl(I,X), fla) € D(A(a)) for a.e. a € I, A(-)f(-) € E},
Fy = {feF:f(0)=0} and F,:={f € F: f(0) e D(A0))}

and the operator Lf := —f’ + A(-)f € E with domain F C E. Further, W*(Q)
denotes the usual Sobolev space of (fractional) order s > 0, cf. [7, §4.3]. The last
assertion in the following result was shown for A(a) = A by G. Di Blasio in [9,
Thm. 4.1].

Proposition 4.5. Assume (0), (A), and (B). Then Gyq is the closure of (L, Fp)
in E. Also, (L, Fy) C (G,D(Q)) and F is dense in D(G) endowed with the graph
norm. In particular, G is the closure of (L, Fy) as an operator from E x e,X to
E, cf. Remark 3.2. On the other hand, D(G) C WAL(I,L}(Q)) for 0 < B < 1.
Moreover, if T'y = 0, then D(G) C L*(I, W?*1(Q) n W, () for 1<h<1.

Proof. Considering L — d, Gy — d, and G — d, we may assume that d = 0 in (4.3)—
(4.5).

(i) It is known that Gy is the closure of (L, Fyo) for a space Foo C Fy N D(Gy),
see [27, Prop. 1.13] and also [16, Prop. 2.9]. Further, for a —¢ > 0 and f € F, we
have
To(t)f(a) = f(a) = (U(a,a —t) = Id)A(a — ) " Aa — t) fla = t) + fla — t) = f(a).
Using (4.4) and (4.5), it is then easy to see that 1(Ty(t)f — f) — Lf in E, and so
G is the closure of (L, Fy). Due to estimate (4.3), the operator G extends (L, F).
Further, let f = fo + ewf(0) € D(G) for fo € D(Gp). There are fo, € Fy such
that fo,, — fo and Lfy,, — Gofo in E and D(A(0)) > z, — f(0) in X. Thus
fn == fon +ewxn € F1 converges to f in the graph norm of G. The other assertion
concerning (L, Fy) is then clear.

(ii) Because (4.3) the operators (—A(+))*, 0 < a < 1, satisfy (M). Due to [23,
Thm. 3.4] and (4.3), this implies D(G) C {f € E : f(a) € D((—A(a))®) for a.e. a €
I, (=A()*f() € E}. Thus, for f € D(Gy), we can write
N (To(t) f(a) = fla)) =77 (U(a,a —t) = Id)(=Aa — 1)) (=A(a = 1)) f(a — 1)

P a 1) (@)
fora—t>0and 0 < 8 <~ < a < 1. The first summand on the right hand side
converges to 0 in F as t — 0 by (4.4). Together with (4.3) and (4.4), this shows
D(G) € WAN(I, LH(Q)).

(iii) Now assume I'; = (. For 0 < § < 1, we introduce the (real) interpolation
space

A(a > — a
Dagy(0,1) := { € LY(Q) : [lollg ™ := ol + / )| A(a)e N Dol|y dt < oo},

see e.g. [7, §3.5]. Then, D((—A(a))*) € Daw)(0,1) for & < o < 1, and the
embedding is continuous uniformly in a. We have D 4(4)(6,1) = W2%1 ()N, (Q)
for 0 € (1,1) by [9, Thm. 3.2]. An inspection of the proof shows that the norms are
uniformly equivalent with respect to a. Hence, D(G) C L*(I, W21(Q) n W, ' (Q))
for 6 € (%7 1). O

We now study the asymptotic behaviour of generalized solutions of (P). First,
we have
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Lemma 4.6. Assume (0), (A), (B), and (V). Then, w(Uy) = w(U) = —co for
finite an, and w(Uy) < w(U) <0 for am =00 if ¢ <0 and 'y = 0.
Proof. We only have to show w(U) < 0 if a,, = 00, ¢ < 0 and I'; = (). Due to [34,

pp.14], there are constants C,e > 0 such that [|U(a + t,a)p[e < Ce @]l for
t,a>0and ¢ € D(4,(a)), 1 < p < co. By means of (4.6) we derive

1U(a +t,a)plls <101 Ce VU +1,a)¢]le < Cre™ o]y

for p € L>®(Q), t > 1, and a constant C7. (Here we have used that, by [28, p.284],
there is a unique evolution family U, (-, -) solving (4.2) for A,(-) on LP(2), 1 <p <
oo, and that U,(a + t,a)p = Ula + t,a)p for ¢ € LP(Q) C L'(Q).) Moreover,
lU(a+t,a)|]| < My for a>0and 0 <t¢<1. Consequently, w(U) < —e. O

To verify (H1) and (H2) from Section 2, we need the following regularity result.

Lemma 4.7. Assume (0), (A), (B), and (V) for a,, = oco. Let tg > 0. Then
Uv(a+t,a) = Uy(a+to,a) in L(X) as t — to uniformly in a € Ry.

Proof. By considering e~%Uy (a + t,a), we may and shall assume d = 0 in (4.3)
and (4.4). Let to+1 >t >ty >0,a >0, and p € L*(Q2). By C we denote a generic
constant depending on ty. From (3.3) follows

Uy(a+t,a)p —Uy(a+tg,a)p
a+t
= Ula+t,a)p—Ula+ty,a)p— / Ula+t,7)V(T)Uy(1,a)pdt

a+to
a+tg
—/ (U(a+t,7)— Ula+ to, 7))V (F) Uy (r,a)p dr = S1 + Sa + Ss.

Using (4.3) and (4.4), we estimate
181 < (U(a+t,a+to) = Id)Ala+to) [l [|A(a+to)Ula+to, a)pll < C (t—to) [lll-
Further, by means of (4.7) and (4.9),

t—to
[S2|l < C’/ IV (a+to+7)Uy (a+to+T, at+to)Uy (a+tg, a)pl dr < C (t—to)" ||¢]]
0

for some k > 0. Finally, (4.7), (4.3), (4.4), (4.8), and Holder’s inequality yield

a+to
sl < [ 10+ ta+ t0) — Ta)(-Alo +10))
(=Ae +t6) V(e + o, DIV (DU (el dr

to
<Ct—to) el [ (o= lntr+ a7 dr
0
<C(t—to)’ ol
for0< 6 < %. The case tg >t > d > 0 can be treated in the same way. O

We can now prove the main theorem of this paper. It extends results in
the autonomous case shown in [19, §5], [24, Thm. 3.5], [30, §4], [31, §5], see
also [8] for the L?-setting. We refer to [17, B-IV.2, C-IV.2] concerning quasi—
compact semigroups. The peripherical spectrum of a bounded operator S is de-
fined by 0,(S) = o(S) N {|A] = r(S)}. Recall that »(V(p,0)) = V)P and
oc(V(s+p,s)) =c(V(p,0)), s >0, for a p-periodic evolution family (V' (¢, s))i>s>0,
see Corollary 2.2 and its proof.
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Theorem 4.8. Assume (0), (A), (B), (V), (b) and that B is p—periodic in t. Let
eve? = r (W(p,0)) for the p—periodic, positive evolution family (W (t,s))i>s>0 on
E given by Theorem 4.4. Then w. < w(Uy), where w(Uy) = —o0 if ay < 00
and w(Uy) <0 if ay, = 00 and ¢ < 0, T'y = (0. Further, if w, < w(W) and if the
constants a < B < w(W) are chosen sufficiently close to w(W), then (W (¢, s))i>s>0
has an exponential splitting with exponents «, 8 and projections P(s) which have
the same kernels as the operators e*(W)w — W(lp + s,s) for somel € N and all
s> 0.

Moreover, if B does not depend on t and w. < w(W), then (e *W)tS(t));>o is
quasi—compact, w(W) is an eigenvalue of the generator Gy g given by Theorem 4.4
with finite algebraic multiplicity and pole order m, and we have

m—1 tk

e WIS () — > 71 (Gve — w(W))*P
k=0
fort >0, constants C,e > 0, and the projection P on the eigenspace corresponding

to the eigenvalue w(W).

Proof. (i) As in preceding section, we define B(t), Gy, and Ty,o(t) on £ := X X E and
& :={0} x E~ E. By Lemma 3.3 and 4.3, Gy is a resolvent positive Hille-Yosida
operator, and so we obtain a perturbed positive evolution family (W (¢, s))¢>s>0 on
E which is p—periodic due to the expansion (2.4).

(ii) We first consider the case a,, = co. In view of Proposition 2.6, we have to
verify (H1) and (H2) for B(t) and Gy in order to apply Corollary 2.2 to W(t, s) on
E. We estimate

1B(to) (Tv,0(t) — Tv,0(s)) (?) |l x %L1 @y, x) (4.11)

— ‘ /tooﬂ(tma,-)Uv(a,a—t)f(a—t) da—/Ooﬁ(tma,')UV(a,a—S)f(a—s) da

< / 18(to,a+t.-) — Bltora+ 5, | Uy (a + £ a) f(a)] da
0

< Ce (4.10)

X

+/0 [18(to,a+ s, )|lo IUv(a+t,a) = Uv(a+s,a)| [ f(a)] dt
< |IfI Sglg(Meum”/B(tO’a'i_t’ ) = Bto,a+5,)|l

+ 1Bllec IUv (a +t,a) = Uy (a+s,a)])

fort >s>68>0,t >0, and f € L}(R;, X). So assumption (b) and Lemma 4.7
imply (H1). Further, (4.7) and (4.6) yield

0 < B(t)Tv.ole) (0> < (N [Blloo G(ce) fo f(a) da) — K. (0)
’ f 0 f
for 0 < f € E and € > 0, where K. € £(&,&). It is known that K; x f € WL1(R")
for f € LY(R"), see e.g. [7, 4.3.7, 4.3.14]. Also, by (O) and Rellich’s theorem, [28,
Cor. 3.2], WH1(Q) is compactly embedded in L!(Q2). Consequently, G(cg) € L(X)
is compact, and hence K. is compact. Continuity of ¢t — K.Ty,o(t) € L(&,E)
for t > 0 is shown as in (4.11). Therefore (H2) holds, and Corollary 2.2 yields
we < w(Tvo) = w(Uy). Also, we have w(Uy) < 0if ¢ < 0 and 'y = () due to
Lemma 4.6.
(iii) For finite a,,, we extend A(-), V(-), and 8 by setting A(a) := A(am),
V(a) := —2a, and B(t,a,-) = B(t,am,-) for a > a,,. This gives an extended
evolution family (U{®(a,7))a>r>0 on L (), where Ug®(a + t,a) = et —2atgtA(am)
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for a > a,, and t > 0. Hence, (U (a,T))q>r>0 satisfies the conclusion of Lemma 4.7
and w(Ug®) = —o0.

Denote by T9°(+) the corresponding evolution semigroup on L'(Rj, X) with
generator G5°. Set Pf = x;f € LY[0,an),X) for f € L'(Ry,X) and let
Jf € LY(Ry, X) be the extension by 0 of f € L([0,a,,],X). Then, PTX(t) =
Ty (t)P and PGYY = Gy P. Further, we perturb the corresponding Hille-Yosida
operator Gi° on L'(Q) x L'(Ry x Q) by (the matrix operators corresponding
to) the operators in L(L'(Ri,X),X) given by B¥(t)f = [, B(t,a,-)f(a)da
and B(t) = fooo B(t,a,-)f(a)da, respectively. This yields two evolution families
(WS (t,5))i>s>0 and (W (t,5))i>s>0 on L'(Ry, X). Tt follows from the uniqueness
of solutions to (3.10) that W (t,s) = PW(t,s)J, and hence

Wi(t,s) = i PW™(t,5)J, (4.12)
k=0

where W°(t, s) is the coefficient of the Dyson-Phillips expansion of W°(¢, s). Fur-
ther, by the first part of the proof, the remainder Rg(t,s) of W(t,s) is compact
for t > s > 0. From the Dyson-Phillips expansion of W(t, s) and Proposition 2.4
we derive that 0 < R (t,5)S < Rs(t,s)S for 0 < S € L(L'(R,, X)). Since any
bounded operator on L*(R, x ) can be written as linear combination of positive
operators, [26, IV.1.5], the Dodds-Fremlin theorem, [36, Thm. 124.3], shows that
(R$°(t,8)S)? is compact for t > s > 0 and S € L(L'(R,, X)). Hence, the remain-
der PRS°(t, s)J of the expansion (4.12) is strictly power compact in L ([0, a,,], X).
As in in the proof of Proposition 2.1, we can verify (2.6) for W (¢, s) and obtain as
in Corollary 2.2 that w. = —oo for finite a,,.

(iv) Let we < w(W). The claims in the autonomous case follow from [17, C-
IV.2.1,2.2]. The remaining assertions can be deduced from Corollary 2.2 provided
there is I € N such that the boundary spectrum o, (W (lp,0)) only consists of
e But this is a consequence of the cyclicity and finiteness of o (W (p,0)),
see [26, Thm. IV.4.9]. O

Remark 4.9. In the situation of Theorem 4.8, assume that 8 does not depend on t.
By Lemma 3.1(d), the eigenfunctions of Gy g for an eigenvalue A with Re A > w(U)
are given by f(a) = e~ Uy (a,0)p, where ¢ € L1(Q) satisfies

p = / | B(a,-Ye Uy (a,0)¢ da =: Byp.
0

Let w(W) > w(U) (which is true if, for instance, ap, < oo and w(W) > —oo
or w(W) > 0 and Ty = 0, ¢ < 0). Assume that By maps positive functions
to strictly positive functions, that is, By irreducible. (This is the case, e.g., if
infreq B(a,x) > 0 for a in set of positive measure and if we have Dirichlet boundary
conditions, see [6, Thm. 9].) Now, from [26, Thm. V.5.2] follows as in [8] that
w(W) is a simple eigenvalue. Then (4.10) holds with m = 1 = dim PE, that is,
(e=*MItS(1))¢>0 has balanced exponential growth.

Concluding we indicate how the above results can be generalized if we replace
(V) by the more general assumption (V’). For the truncated potentials V,,(-) :=
X[0,5,]V (+), we obtain evolution families (Uy(a,7))(a,r)ep on X being uniquely de-
termined by (3.4) for V,,(-). Thus Uy (a,r) := Uy(a,r) for 0 < r < a < b, defines a
strongly continuous evolution family on L!(Q) for the interval [0, a,,). Notice that

0 <Uyl(a,r) <Up(a,r) <U(a,r) (4.13)
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for 0 <r <a < ay and n € N. So Uy(-,-) induces by (3.1) a Co—semigroup Ty (+)
on E. Its generator is denoted by Gy. By [33, Cor 2.7], Gy is an extension of
(Go — V,D(Gy) N D(V)). On the other hand, if f € D(Gy) with f(a) = 0 on
[@m — J, am] for some § > 0, then f € D(Go) N D(V) and Gy f = (Go — V) f. This
implies that D(Gy ) consists of continuous functions vanishing at a = 0 (use that
af € D(Gy) for f € D(Gy) and a € CY0, a,,) with compact support and being
equal to 1 on [0,d] for b < ay,, cf. [27, Thm. 2.6]).
Similar as in (3.5), we define an extension of Gy by

Gy fi=Gyfo+welz for feD(Gy):={f=fo+el¢: foeDGv)pecX}
—~f(0))

- Gvf

for f € D(Gv). By the arguments used in the proof of Lemma 3.1 and 3.3, one can

show that ker(A — Giy) = {eY ¢ : ¢ € X} and that Gy is a Hille-Yosida operator

with resolvent
0 0
R(A = 4.14
( 7gV) < e\){ R()\,GV) ) ( )

for Re A > w(Uy ). Proceeding as in the proof of Theorem 3.4, we then obtain mild
solutions of (3.6) for the operator (G, D(Gy)) given by a positive evolution family
(W (t, 5))t=s20-

Let now 8 be p—periodic in t. We denote by (W, (¢, s))i>s>0 the evolution fami-
lies on E solving (3.7) for G — V,,. Due to (4.13), (4.14), and Proposition 2.4, the
remainder R%(¢,s) of the Dyson-Phillips expansion of W, (t,s) dominates the re-
mainder R3(t,s) of W(t,s). Thus, 0 < Rs(t,s)S < R} (t,s)S foreach 0 < S € L(E)
and so (R3(t, s)S)? is compact for ¢ > s > 0 due to Proposition 2.6 and the Dodds-
Fremlin theorem, [36, Thm. 124.3]. By [26, IV.1.5], this implies that Rs(¢,s) is
strictly power compact for ¢ > s > 0, and thus the conclusions of Corollary 2.2
hold.

Finally, in the autonomous case we obtain the same expression for the eigen-
functions of Gy p as in Remark 4.9. Also, e=“("W)tS(t) converges exponentially to
a one dimensional projection if the additional conditions of Remark 4.9 hold.

Ackknowledgement: We thank K.P. Hadeler and F. Rabiger for valuable sug-
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for a fixed w > w(Uy). Further, on £ we introduce the operator Gy (?) = (
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